This paper establishes a Borsuk-Ulam type theorem for PL-manifolds with a finite group action, depending on the free equivariant cobordism class of a manifold. In particular, necessary and sufficient conditions are considered for a manifold with a free involution to be a Borsuk-Ulam type.
Introduction
The Borsuk-Ulam theorem states that any continuous antipodal f : S n → R n has zeros. (A map f is called antipodal if f (−x) = −f (x).) One of the most interesting proofs of this theorem is Bárány's geometric proof [1] (see also [9, Sec. 2.2]). A very similar proof was given in [10] , and [13] has several more references for proofs of this type. Let X = S n × [0, 1], X 0 = S n × {0}, and X 1 = S n × {1}. Let τ (x, t) = (−x, t), where (x, t) ∈ X, x ∈ S n , and t ∈ [0, 1]. Clearly, τ is a free involution on X. The first step of Bárány's proof is to show that any continuous antipodal (i.e. F (τ (x)) = −F (x)) map F : X → R n can be approximated by "sufficiently generic" antipodal maps (see [9, Sec. 2 
.2]).
Let f i : S n → R n , where i = 0, 1, be antipodal generic maps. Let F (x, t) = tf 1 (x) + (1 − t)f 0 (x). Since F is generic, the set Z F := F −1 (0) is a manifold of dimension one. Then Z F consists of arcs {γ k } with ends in Z fi := Z F X i = f −1 i (0) and cycles which do not intersect X i . Note that τ (Z F ) = Z F and τ (γ i ) = γ j with i = j. Therefore, (Z F , Z f0 , Z f1 ) is a Z 2 -cobordism. It is not hard to see that Z f0 is Z 2 -cobordant to Z f1 if and only if |Z f1 | = |Z f0 | (mod 4).
To complete the proof, take f 0 as the standard orthogonal projection of S n onto R n :
f 0 (x 1 , . . . , x n , x n+1 ) = (x 1 , . . . , x n ), where x 2 1 + . . . + x 2 n+1 = 1. Since |Z f0 | = 2, we have |Z f1 | = 2 (mod 4). This equality shows that for any antipodal generic f 1 the set Z f1 = f −1 1 (0) is not empty. Our analysis of this proof shows that it can be extended for a wide class of manifolds. For instance, consider two-dimensional orientable manifolds N = M Actually, Bárány's proof can be (almost word for word) applied for N . Namely, the following statement holds:
. Note that N can be represented as a connected sum M #M . This statement can be extended for N = M #M with any closed manifold M (see Corollary 1).
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We see that one of the most important steps here is the existence of a generic equivariant f 0 : N n → R n with |Z f0 | = 2 (mod 4). This approach works for any free group action. Namely, for both technical steps a "generic approximation lemma" and a "(Z F , Z f0 , Z f1 ) cobordism lemma" can be extended for free actions of a finite group G (Section 2).
Let G be a finite group acting free on a closed connected PL-manifold M m and linearly on R n . In Section 3 we show that a Borsuk-Ulam type theorem for M , depending on the free equivariant cobordism class of M (Theorem 1). For the case m = n, Theorem 1 shows that if there is a continuous equivariant transversal to zeros h : M n → R n with |Z h | = |G| (mod 2|G|), then for any continuous equivariant f : M n → R n the zero set Z f is not empty. In Section 4, this approach is applied to the classical case: manifolds with free involutions. There we give necessary and sufficient conditions for Z 2 -manifolds to have a Borsuk-Ulam type theorem (Theorem 2).
Lemma 4 shows that the zero set Z f is invariant up to G-cobordisms. Based on this fact, in Section 5 we define homomorphisms µ of free G-cobordism groups which can be considered as obstructions for G-maps. Theorem 3 shows that for a free G-manifold M m and a given linear action G on R n , if this invariant is not zero in the free equivariant cobordisms, then for any continuous equivariant f : M m → R n the set Z f is not empty. In this section also we also provide some applications of Theorem 3 for the case G = (Z 2 ) k . The main goal of this paper is to show that the geometric proof gives a method for checking whether a G-manifold M is of the Borsuk-Ulam type. Namely, from Theorem 1 and its extension Corollary 2, it follows that if there exists a generic equivariant h : M m → R n with [Z h ] = 0 in the correspondent group of cobordisms, then for any continuous equivariant f : M m → R n the set of zeros Z f = ∅.
Generic G-maps
If G is a group and X is a set, then a group action of G on X is a binary function G × X → X denoted (g, x) → g(x) which satisfies the following two axioms: (1) (gh)(x) = g(h(x)) for all g, h in G and x in X; (2) e(x) = x for every x in X (where e denotes the identity element of G). The set X is called a G-set. The group G is said to act on X.
Let a finite group G act on a set X. We say that Y ⊂ X is a G-subset if g(y) ∈ Y for all g ∈ G and y ∈ Y , i.e. G(Y ) = Y . Clearly, for any x ∈ X the orbit G(x) := {g(x), g ∈ G} is a G-subset. Denote by Orb(X, G) the set of orbits of G on X, i.e. Orb(X, G) = {G(x)} Let G x := {g ∈ G|g(x) = x} denote the stabilizer (or isotropy subgroup). Let X H = {x ∈ X|g(x) = x, ∀g ∈ H} denote the fixed point set of a subgroup
Note that for a free action G on X each orbit G(x) consists of |G| points.
Here we consider piece-wise linear (or PL, or simplicial) G-manifolds X, i.e. there is a triangulation Λ of X such that for any g ∈ G, any simplex σ of Λ is mapped bijectively onto the simplex g(σ). The triangulation Λ is called equivariant. Actually, any smooth G-manifold admits an equivariant triangulation [8] .
Every free action of a finite group G on a compact PL-manifold X admits an equivariant triangulation such that for each simplex there are no vertices in the same orbit. Otherwise, we indeed can subdivide these simplices.
A map f :
For a PL G-space (in particular, for a PL G-manifold) we say that an equivariant map f : X → R n is simplicial if f is a linear map for each simplex σ ∈ Λ. For an equivariant triangulation Λ, any simplicial map f : X → R n is uniquely determined by the set of vertices V (Λ). Indeed, for each simplex σ of Λ, f is linear, and therefore is determined by the vertices of σ.
Any equivariant continuous map can be approximated by an equivariant simplicial map.
Lemma 1. Let G be a finite group acting linearly on R
n . Let X be a compact simplicial G-space. Then for any equivariant continuous f : X → R n and ε > 0, there is an equivariant simplicial mapf :
Proof. It is well known (see, for instance, [7, Section 2.2]) that any continuous map on a compact PL-complex can be approximated by simplicial maps. Therefore there exists a triangulation Λ and a simplicial mapf such that ||f (x) −f (x)|| ≤ ε for all x ∈ X. Clearly, there exists an equivariant subdi-
Let ρ : G → GL(n, R) be a representation of a group G on R n . In other words, G is acting linearly on R n . Then F := (R n ) G is a linear subspace of R n . Denote by L an invariant linear subspace of R n which is transversal to F . Then L G = {0}. So without loss of generality we can consider only linear actions with (R n ) G = {0}, i.e. linear actions on R n such that the fixed point set of these actions is the origin.
Let f : X → R n . Denote by Z f the set of zeros, i.e.
In this paper we need generic maps with respect to Z f . Let X be a simplicial
is a manifold of dimension m − n, and there is ε > 0 such that for any v ∈ O ε , the sets f −1 (v) and Z f are homeomorphic.
Definition. Given a finite group G. Let X m be a PL free G-manifold. Let Λ be an equivariant triangulation of X. We say that an equivariant simplicial map f : X → R n is generic (with respect to zeros) if Z f does not intersect the (n−1)-skeleton Λ(n−1) of Λ. (Recall that the k-skeleton of Λ is the subcomplex Λ(k) that consists of all simplices of dimension at most k.)
All simplicial generic maps are transversal to zeros.
Lemma 2. Let G be a finite group acting linearly on
Proof. Note that Z f ⊂ X is a locally polyhedral surface consisting of (m − n)-dimensional cells. This is because for each m-simplex σ we have the linear map f | σ : σ → R n , and Z f ∩ σ is defined by the generic linear equation f (x) = 0. Hence, the components of Z f are PL manifolds.
For G-spaces, the Tietze-Gleason theorem states: Let a compact group G act on X with a closed invariant set A. Let G also acts linearly on R n . Then any equivariant f : A → R n extends to f : X → R n (see [3, Theorem 2.3] ). It is known from results of Bierstone [2] and Field [6] on G-transversality theory that the zero set is a stratified set. If G acts free on a compact smooth G-manifold X, then this theory implies that the set of non-generic equivariant smooth f : X m → R n has measure zero in the space of all smooth G-maps. Let us extend this result as well as the Tietze-Gleason theorem for the PL case. 
Consider an (n − 1)-simplex σ ∈ Λ with vertices v 1 , . . . , v n which are not all from A. Note that f ∈ M G is not generic on σ if 0 ∈ f (σ). In particular, the hyperplane in R n which is defined by vectors f (v 1 ), . . . , f (v n ) passes through the origin 0. In other words, the determinant of n vectors f (v 1 ), . . . , f (v n ) equals zero.
This constraint gives a proper algebraic subvariety
Since the union of all subvarieties s(σ) with dim σ = n − 1 is at most of dimension N − 1, it has measure zero in M G . From this it follows that the set of all non-generic f has measure zero in this space. 
, be equivariant simplicial generic maps. Then there is an equivariant simplicial generic
Proof. The existence of such a generic F follows from Lemma 3. Lemma 2 implies that Z F is a G-submanifold of W . Clearly, g(Z F ) = Z F and g(Z fi ) = Z fi for all g ∈ G.
G-maps and a Borsuk-Ulam type theorem
In this section we consider a Borsuk-Ulam type theorem for the case m = n.
Definition. Given a finite group G acting free on a closed PL-manifold M n and acting linearly on R n with (R n ) G = {0}. Let f : M n → R n be a continuous equivariant transversal to zeros map. Since Z f is a finite free G-invariant subset of M , we have |Z f | = k |G|, where k = 0, 1, 2, . . . Set deg G (f ) := 1 if k is odd, and deg G (f ) := 0 if k is even.
Lemma 5. Let G be a finite group acting linearly on
Proof. Lemma 1 and Lemma 3 yield that for any h i : M n i → R n and ε > 0 there is a generic map a i,ε such that ||a i,ε (x) − h i (x)|| ≤ ε for all x ∈ M i . If ε → 0, then Z i,ε := a −1 i,ε (0) → Z hi . This implies that for a sufficiently small ε there is an equivariant bijection between Z i,ε and Z hi . Therefore, deg G (a i,ε ) = deg G (h i ).
Let ε be sufficiently small. Set f i := a i,ε . From Lemma 4 it follows that there is an equivariant simplicial generic F : W → R n with F | Mi = f i such that (Z F , Z f0 , Z f1 ) is a free G-cobordism. We have m = n. Then Z F is a submanifold of W of dimension one. Therefore Z F consists of arcs γ 1 , . . . , γ ℓ with ends in Z fi and cycles which do not intersect M i .
Since any continuous map s : γ k → γ k has a fixed point, G cannot act free on γ k . Therefore, G acts free on the set of all arcs {γ k }. Moreover, the ends of any arc cannot lie in the same orbit of G. From this it follows that Remark. Actually, Lemma 5 immediately implies that the assumption in the theorem: There is a free G-manifold N n which is free G-cobordant to M n and a continuous equivariant transversal to zeros h : N n → R n with deg G (h) = 1 is equivalent to the following statement: There is a continuous equivariant transversal to zeros map h : M n → R n with deg G (h) = 1. However, since the assumption in the theorem is more general, it sometimes can be more easily checked for N which are free G-cobordant to M . (For instance, see our proof of Theorem 2.)
Theorem 1. Let G be a finite group acting linearly on
R n with (R n ) G = {0}. Let M n
BUT manifolds
In this section, we consider the classical case G = Z 2 . Let M be a closed PL-manifold with a free simplicial involution T : M → M , i.e. T 2 (x) = x and T (x) = x for all x ∈ M . For any Z 2 -manifold (M, T ) we say that a map
Definition. We say that a closed PL free Z 2 -manifold (M n , T ) is a BUT (Borsuk-Ulam Type) manifold if for any continuous g : M n → R n there is a point x ∈ M such that g(T (x)) = g(x). Equivalently, if a continuous map f : M n → R n is antipodal, then Z f is not empty.
Let us recall several facts about Z 2 -cobordisms which are related to our main theorem in this section. We write N n for the group of unoriented cobordism classes of n-dimensional manifolds. Thom's cobordism theorem says that the graded ring of cobordism classes N * is Z 2 [x 2 , x 4 , x 5 , x 6 , x 8 , x 9 , . . .] with one generator x k in each degree k not of the form 2 i − 1. Note that Thus, each Z 2 -manifold can be uniquely represented in N n (Z 2 ) in the form:
Theorem 2. Let M n be a closed connected PL-manifold with a free simplicial involution T . Then the following statements are equivalent: (a) M is a BUT manifold. (b) M admits an antipodal continuous transversal to zeros map
h : M n → R n with deg Z2 (h) = 1. (c) [M n , T ] = [S n , A] + [V 1 ][S n−1 , A] + . . . + [V n ][S 0 , A] in N n (Z 2 ).
Proof. (1) First we prove that (c) is equivalent to (b).
Denote by
Note that for any k, where 0 ≤ k < n, the standard antipodal embedding of S k into R n has no zeros. This implies that there is a generic antipodal p : 
, it again follows from Lemma 5 that deg Z2 (h) = 1. In fact, any equivariant labelling L defines a simplicial map f L : M → R n . Indeed, let e 1 , . . . , e n be an orthonormal basis of R n . We define
In the paper [11] , it is shown that M is a BUT manifold if and only if Denote by cat(X) the Lusternik-Shnirelman category of a space X, i.e. the smallest m such that there exists an open covering U 1 , . . . , U m+1 of X with each U i contractible to a point in X. It is not hard to prove the last statement in this Remark:
Usually, it is not easy to find cat(X). Here, Theorems 2-4 yield interesting possibilities to find lower bounds for cat(M/G). Proof. The Whitney embedding theorem states that any smooth or simplicial n-dimensional manifold can be embedded in Euclidean 2n-space. Consider an embedding of M in R 2n with coordinates (x 1 , . . . , x 2n ). Let M − (respectively, M + ) denote the set of points in M ⊂ R 2n with x 1 < 0 (respectively, x 1 > 0). Let M 0 be the set of points in M with x 1 = 0. Without loss of generality we can assume that M is embedded in R 2n in such a way that M − is homeomorphic to an open n-ball and M 0 is a sphere x Consider the projection h of X onto the n-plane x n+1 = . . . = x 2n = 0, i.e. h(x 1 , . . . , x 2n ) = (x 1 , . . . , x n ). Since Z h ⊂ M 0 , we have Z h = Z t , where t := h| M0 . On the other hand, t : M 0 → R n is an orthogonal projection of S n . Thus, |Z h | = 2 and Theorem 2(b) implies that M #M is a BUT manifold.
Obstructions for G-maps in cobordisms
In the previous sections, we considered equivariant maps f : M m → R n with m = n. Now we extend this approach to the case m ≥ n.
Consider closed PL manifolds with an H-structure (such as an orientation). One can define a "cobordism with H-structure", but there are various technicalities. In each particular case, cobordism is an equivalence relation on manifolds. 
